Abstract. We study families of varieties endowed with polarized canonical eigensystems of several maps, inducing canonical heights on the dominating variety as well as on the "good" fibers of the family. We show explicitely the dependence on the parameter for global and local canonical heights defined by Kawaguchi when the fibers change, extending previous works of J. Silverman and others. Finally, fixing an absolute value v ∈ K and a variety V /K, we descript the Kawaguchi's canonical local heightλ V,E,Q, (., v) as an intersection number, provided that the polarized system (V, Q) has a certain weak Néron model over Spec(Ov ) to be defined and under some conditions depending on the special fiber. With this we extend Néron's work strengthening Silverman's results, which were for systems having only one map.
Introduction
Over abelian varieties A defined over a number field K, Néron and Tate constructed canonical height functionsĥ L : A(K) → R with respect to symmetric ample line bundles L which enjoy nice properties, and can be used to prove Mordell Weil theorem for the rational points of the variety. More generally, in [9] , Call and Silverman constructed canonical height functions on projective varieties X defined over a number field which admit a morphism f : X → X with f * (L) ∼ = L ⊗d for some line bundle L and some d > 1. In another direction, Silverman [31] constructed canonical height functions on certain K3 surfaces S with two involutions σ 1 , σ 2 (called Wheler's K3 surfaces) and developed an arithmetic theory analogous to the arithmetic theory on abelian varieties. In another big step, S. Zhang [37] considered a projective variety with a metrized line bundle, and then could define and evaluate a new canonical height on any subvariety of the variety, not only on points. He developed this using arithmetic intersection theory arising from Arakelov Geometry.
It was an idea of Kawaguchi [16] to consider polarized dynamical systems of several maps, namely, given X/K a projective variety, f 1 , ...f k : X → X morphisms on defined over K, L an invertible sheaf on X and a real number d > k so that f As a canonical height, it is known that Kawaguchi's height is, up to a constant, equal to a Weil height. We start studying how such bounds can vary more explicitely in families of varieties, when for each fiber we associate one canonical height. This kind of research was made by Silverman and Tate in [30] for families of abelian varieties, and afterwards by Silverman in [9] for a family of general varieties and the canonical height developed there. We therefore generalize their results for the Kawaguchi situation. Namely, for a family π : V → T of varieties with a system Q of maps φ i : V/T V/T and a divisor η satisfying π(|( k i=1 φ * i η) − αη|) = T . Then on all fibers V t for t in a certain T 0 , there is a canonical heightĥ Vt,ηt,Qt , and we ask to bound the difference between this height and a given Weil height h V,η in terms of the parameter t. We show that there exist constants c 1 and c 2 such that |ĥ Vt,ηt,(Q)t (x) − h V,η (x)| ≤ c 1 h T (t) + c 2 for all t ∈ T 0 and all x ∈ V t .
We can find also a kind of local version for the above result. In fact, in theorem 4.2.1 of [16] Kawaguchi showed that his canonical height can be seen as a sum of local canonical heights as in the case of abelian varieties. Therefore, we show an estimate for the difference between the canonical local height and a given Weil height. When T is a curve, h T is a Weil height associated to a divisor of degree one, P : T → V is a section, V the generic fiber of V is a variety over the global function field V (K(T )), P t := P (t), and the section P corresponds to a rational point P V ∈ V (K(T )), we show that
generalizing a result of Silverman in [9] . The work is also place for an analysis of canonical local heights for non-archimedean places in the context of intersection theory. Inspired in the final section of [9] , this theme was already discussed for abelian varieties. We work out with system of several maps again. We prove more generally that if V has a model V over a complete ring O v such that every rational point extends to a section and such that k morphisms φ i : V → V extend to finite morphisms Φ i : V → V, then, under some condition on the special fiber, the canonical local height of Kawaguchi is given by an intersection multiplicity on V. For such generalization, we use Frobenius-Perron theory on eigenvalues of matrices.
In the last section, we point out that the admissible metric, defined by Kawaguchi in [16] for a dynamical system of maps associated to a bundle, does not change if we start with another dynamical system that has maps commuting with the maps of the first system, and that are associated with the same divisor by a similar divisorial relation. The canonical measures risen by both systems would then be the same as well, and the main results of [26] are now in a more general setting.
Two variation theorems
The following notation will be used for this section and the next section.
• K : A global field with characteristic 0 and a complete set of proper absolute values satisfying a product formula. We will call such a field a global height field.
• M := MK : The set of absolute values onK extending those on K.
• T /K : a smooth projective variety.
• h T : A fixed Weil height function on T associated to an ample divisor, chosen to satisfy h T ≥ 0.
• V/K : a smooth projective variety.
• π : a morphism π : V → T defined over K whose generic fiber is smooth and geometrically irreducible.
• φ i : rational maps φ i : V/T V/T defined over K for i = 1, ..., k, such that φ i is morphism on the generic fiber of V/T. Our assumption that φ i is on V/T means that π
• T 0 : the subset of T having good fibers in the sense that
where
• Q n for n ∈ N : the sets of iterates of functions defined as Q 0 = {Id},
• (Q n ) t for n ∈ N : the sets of iterates of functions defined as
.., k}, the restrictions of the φ ′ i s to the fiber V t . We also assume that the divisor class k i=1 φ * i η − αη is fibral, which means that it can be represented by a divisor ∆ such that π(|∆|) = T, or equivalently, there
0 we let i t : V t → V be the natural inclusion, and then by definition i * t η = η t . The fiber V t is irreducible for each t ∈ T 0 . If the support of a fibral divisor includes an irreducible fiber, it is always possible to find a linearly equivalent divisor which does not include that fiber. This implies that
From this and from theorem 1.2.1 of [16] , we have that for each t ∈ T 0 there is a canonical heightĥ Vt,ηt,(Q)t : V t (K) → R. We now fix a Weil height h V,η : V(K) → R associated to η. It follows from the properties of the height functions of Kawaguchi [16] , and functoriality of the Weil height function, that
where the O(1) depend on t. For t ∈ T , any two canonical heightsĥ Vt,ηt,(Q)t differ from the Weil Height h V,η by a bounded amount constant depending on t. For applications, it is important to have an explicit bound for such constant. Let us check how we can see this dependence explicitly in the following theorem, which is an extension of theorem 3.1 of [9] , for one map's systems. Such case was a more general form of the work of Silverman and Tate for families of abelian varieties done in [30] . Theorem 2.1: With notation as above, there exist constants c 1 , c 2 depending on the family V → T , the system Q, the divisor class η, and the choice of Weil height functions h V,η and h T , so that
Proof. From the definition of T 0 , one can conclude that V 0 := π −1 (T 0 ) is smooth, so we are able to apply some resolution of singularities to V without changing V 0 . Moreover, although the maps φ i : V V are merely rational, they are morphisms on V 0 . This means we can blow-up V to produce: (i) smooth projective varietiesṼ i , (ii) birational morphisms ψ i :Ṽ i → V which are isomorphisms on V 0 (iii) morphisms ξ i :Ṽ i → V which extend the rational maps
The existence ofṼ i with these properties follows from [13] II.7.17.3 and II.7.16, except thatṼ i might be singular. We then use Hironaka's resolution of singularities to makeṼ i smooth and we have the desired properties.
Next we choose a divisor E ∈ Div(V)⊗ R in the divisor class of η, and we let H ∈ Div(T ) be the ample divisor used to define h T . Our assumption that
We also choose an integer n > 0 so that the divisors nH + D and nH − D are both ample on T .
The height function with respect to a positive divisor is bounded below out of the support of the divisor, and for an ample divisor such height is everywhere bounded below. So the last assertions imply that
Now let x ∈ V 0 be any point, and letx i ∈Ṽ i satisfying ψ i (x i ) = x. In the following computation, we write O(1) for a quantity that is boundable in terms of the family V → T , the maps φ i , the divisor class η, and the choice of Weil height functions
This inequality is valid on V 0 out of the suport of D. Choosing different divisors E in the class of η to move D, we then obtain the inequality for all points in V 0 , in a similar way of [30] , pages 203-204. This proves (*)
for all x ∈ V 0 . In order to complete the proof, we remember theorem 1.2.1 of [16] , which says in similar conditions that
We use (*) in place (1) and obtain
By λ V,E we denote a Weil local height function λ V,E : (V − |E|) × MK → R associated to the divisor E. We can now give a similar estimate for the difference between the canonical local heightλ Vt,Et,(Q)t defined by Kawaguchi in theorem 4.2.1 of [16] and a given Weil local height λ V,E , generalizing Lang's result [20] for abelian varieties. Here we make extensive use of the notation in theorem 7.3 and corollary 7.4 of [27] , and obtain a local version of theorem 2.1. So 2.1 can be again deduced adding the following theorem over all absolute values of K and applying theorem 4.3.1 of [16] . Moreover, we note that one may skip to use resolution of singularities to prove the previous theorem just proving the next and adding up local contributions, even obtaining a stronger result, since avoiding to use resolution of singularities gives us that theorem 2.1 is true in any characteristic, using the machinery of [27] . So theorem 2.1 is valid any global field K. For basic facts about local height functions, M K −bounded functions and M K − constants, see [20] , chapter 10. We here use freely terminology from [27] .
Theorem 2.2: With notation as above, fix a divisor E ∈ Div(V) ⊗ R in the class of η and a Weil local height function λ V,E . Let U be defined as the following set {t ∈ T : V t is smooth, (φ i ) t : V t → V t are morphisms , E t is a divisor on V t , and
(The condition that E t be a divisor on V t means that |E| contains no component of V t , see [13] , III.9.8.5.) Let ∂U := T − U be the complement of U , and let λ ∂U be a local height function associated to ∂U as described in [27] .
It is possible to choose canonical local heightsλ Vt,Et,(Q)t as described in Theorem 4.2.1 of [16] , one for each t ∈ U , in such a way that
Proof. We substitute V by the quasi projective variety π −1 (U ), and substitute E by its restriction to this new V. This does not affect the statement of the theorem because [27] section 5 says that our old λ V,E and our new λ V,E differ by O(λ ∂U ). From the definition of U we have that φ i : V → V are morphisms, and on every fiber it is true that i (φ i ) * t E t ∼ αE t . Hence there is a function f ∈K(V)
* ⊗ R and a fibral divisor F ∈ Div(V) ⊗ R such that
Now standard properties of local heights, for example [27] Theorem 5.4, transforms the divisorial relation above into the height relation
). Now we can repeat the same idea of the proof of Theorem 4.2.1 of [16] , letting
and proceeding in the same way. This yieldŝ
which is almost what we want to prove. To conclude, we remember the fact that i (φ i ) * t E t ∼ αE t on every fiber, so we can repeat the above argument with functions f 1 , ..., f n and divisors D 1 , ..., D n having the property that
Corollary 2.3: Theorem 2.1 is true over global fields in any characteristic.
Proof. As we have said, we just must add the previous result over all places of K and use theorem 4.3.1 of [16] .
Variation of the canonical height along sections
In this section we have a more precise result for a one-parameter algebraic family of points. We keep almost the same notation from the previous section with the following addition:
• T /K : we assume that the base variety T has dimension 1, so T is a smooth projective curve.
• h T : we assume that the Weil height function on T corresponds to a divisor of degree 1.
• P : a section P : T → V. We can think of the generic fiber V of V as a variety over the function fieldK(T ), and then the section P corresponds to a point P V ∈ V (K(T )).
• The function fieldK(T ) is itself an usual global height field , namely, for each point t ∈ T , there is an absolute value ord t onK(T ) such that ord t (f ) := order of vanishing of f at t. Further, the rational map φ i : V V induces a morphism on the generic fiber (φ i ) V : V → V , and we have i (φ i ) * V η V = αη V , where η V is the restriction of η to the generic fiber. This, by [16] , allows us to construct the canonical height
which can be evaluated at the point P V . We also make P t = P (t). There are then three heightsĥ V,ηV ,(Q)V ,ĥ Vt,ηt,(Q)t and h T which may be compared, as Silverman did for abelian varieties in [30] . Moreover, the following theorem generalizes theorem 4.1 of [9] for the Kawaguchi canonical heights.
Theorem 3.1: With notation as above,
Proof. We start by stating together some results. First of all, from theorem 2.1 we have
In particular, this is true for x = P t , and the constants c 1 , c 2 are independent of both t and x. Second, we apply functoriality of Weil heights to the morphism P : T → V. We note that P will be a morphism, because we have assumed that T is a smooth curve, so any rational map from T to a variety is automatically a morphism. This gives
where c 3 (P ) depends on the section P , but is independent of t. Third, we use [20] , Chapter 3, Proposition 3.2 to describe the Weil height h V,ηV on the generic fiber in terms of intersection theory ,
Fourth, we know that a canonical height is a Weil height up to a constant, and then
Using these four estimates and the triangle inequality, we compute
We now divide this inequality by h T (t) and let h T (t) → ∞. This gives
Term c 3 (P ) has disappeared because it depends on P . Moreover, Corollary 3.5 of Chapter 4 from [20] implies that the heights h T,P * η and (deg P * η)h T (t) are quasiequivalent, and so
This gives the fundamental estimate
where the constants c 1 , c 4 and c 5 are independent of both the section and the point t, so the inequality above works with f • P in place of P for all f ∈ Q n , n ∈ N. By (ii) of Theorem 1.2.1 from [16] , we know that
The right hand-side of the above inequality does not depend on n, while α > k, so letting n → ∞ gives us the inequality that we wanted to show.
Canonical local heights as intersection multiplicities
In this section we show that Kawaguchi's canonical local heightλ V,E,Q, can be computed as an intersection number. We fix an absolute value v on K and let O v denote the ring of v-integers in K. We continue with the notation used in the previous sections but we add the assumption that V is a smooth projective variety, and that the morphisms φ i : V → V are finite, correspondent to a dynamical system (V, φ 1 , ..., φ k ) = (V, Q). We assume that E is defined over K, where E ∈ Div(V ) ⊗ R is a divisor satisfying
We will say that a smooth scheme V/S is a weak Néron Model for (V /K, Q) over S if it satisfies the following axioms:
(1) The generic fiber of V/S, denoted by V K , is V . (2) Every point P ∈ V (K) extends to a section P : S → V. (3) There exist finite morphisms Φ i : V/S → V/S whose restriction to the generic fiber are the φ i .
We note that the Néron Model of an Abelian Variety is a weak Néron Model for (A/K, [n]) for all n ≥ 2. Indeed, for an abelian variety A, Néron first showed that any canonical local heightλ A,D (., v) can be interpreted as an intersection multiplicity on the special fiber of the Néron model of A over Spec(O v )(see [20] , chapter 11, section 5).
Henceforth we will assume that (V /K, Q) has a weak Néron Model V/S. Let V s denote the special fiber of V and write
are the irreducible components of V s . If W is a prime divisor of V rational over K, then W , its closure in V, is a prime divisor on V. Extending this process by linearity, we obtain a natural injection Div(V ) K → Div(V), D →D Similarly, given a point P ∈ V (K), we writeP = P(S) to denote the image of the section P ∈ V. Note that the divisor group on S is a cyclic group generated by the special point (s). Hence, for any D ∈ Div(V ) K and any P ∈ V (K) which does not lie in the support of D, we may define the intersection multiplicity i(D, P ) (also denoted byP .D) by
With these notations in hand, we can now state the main result of this section, which is a more general version for results inside 6.1 of [9] due to Call and Silverman. For the proof, we will make use of a more refined theorem in algebra linear, that was not required for the proof of their mentioned earlier result.
Theorem 4.1: Suppose V/S is a weak Neron model for (V /K, Q) over O v . Letλ V,E,Q,f be a canonical local height as constructed in theorem 4.2.1 of [16] . Moreover, suppose that α > nk for n the number of irreducible components of the special fiber. Then there exist real numbers γ 1 , ..., γ n so that for all P ∈ V (K)− |E|,
An important point in the proof of this theorem is to describe the action of Φ i on the set of irreducible components {V 
We can identify A i with a matrix of the following type.
Definition 4.2:
A square matrix M is a permutation-type matrix if every column of M has exactly one 1 and all other entries are 0.
It is a fact (lemma 6.2(b) of [9] ) that every eigenvalue of a permutation matrix is 0 or is a root of unity. Such information is used in the proof of theorem 6.1 of [9] . For our more general situation, we will need the following theorem. n j=1 a ij . In other words, the spectral radius of a nonnegative square matrix is between the smallest row sum and the largest row sum.
Proof. See theorem 5.24 of [36] .
Proof. (of Theorem 4.1). Since E is assumed to be rational over K, we may fix a rational function f ∈ K(V )
, we may also regard f as an element of K(V) * ⊗ R. Then the divisors of f on V and V differ by a divisor supported on the special fiber, say
By Theorem 4.2.1 of [16] , there is a unique canonical local height λ E :=λ V,E,Q,f which satisfies
is an open neighborhood of P and g(P ) = 0, ∞. Then, by definition, i(E, P ) = v(g(P )), independent of the choice of the pair (U, g). Thus, the map P → i(E, P ) is a Weil Local Height function for E on V (K).
Note that Φ * iĒ and φ * i E differ by a divisor supported on the special fiber, since Φ i and φ i are the same on the generic fiber. Combining this fact with (1), we have
where φ i (P) is the section corresponding to φ i (P ). Hence,
Intersecting both sides of (2) withP yields:
Now, intersecting both sides of (4) withP and applying (5) and (6), we conclude
where c j = m(j, f ) + n j are constants which depend on E, Q and f , but are independent of P. In particular, we see that (7) holds for all P ∈ V (K) for which the intersection multiplicities i(E, φ i (P )) and i(E, P ) are defined, i.e, for all P / ∈ |E| ∪ |φ * 1 E| ∪ ... ∪ |φ * k E|. Next, we will show that one can choose real numbers x 1 , ..., x n so that the function
Using (8) and (7), we compute
Recall that Φ i determines a permutation type matrix
. SinceP and φ i (P ) = Φ i (P ) intersect the components of V s transversally, it follows from the definition of
Therefore it suffices to find constants x 1 , ..., x n such that k i=1 x Ai(t) − αx t + c t = 0 for t = 1, ..., n.
Writing x 1 , ..., x n and c 1 , ..., c n as column forms, we can combine these n equations into a matrix equation
The A i are permutation-type matrices, so Theorem 3.7 says that the absolute value of an eigenvalue of i A i is at most nk, but α > nk by hypotheses. So det(αI
This finishes the proof that we can choose x 1 , ..., x n so that the function Λ defined by (8) satisfies (9) .
To complete the proof, we will show thatλ E (P, v) = Λ E (P ) for all P in V (K) − |E|. Sinceλ E (., v) and i(E, .) are both Weil local heights for E, their difference has a unique v-continuous extension to a bounded v-continuous function defined on all of V (K) (see [20] , chapter 10, proposition 1.5, and 2.3). Hence, by (8), we see that the map L E (P ) :=λ E (P, v) − Λ E (P ) extends to a bounded function on V (K), namely, by a constant C ≥ 0. Further, sinceλ E and Λ E satisfy (3) and (9), it follows that i L E (φ i (P )) = αL E (P ) for all P ∈ V (K).
Therefore, for any P ∈ V (K),
We conclude that L E ≡ 0, soλ E (P, v) = Λ E (P ) ∀P ∈ V (K) − |E|.
Canonical Metrics of Commuting Systems
With two polarized dynamical systems (X, F = {f 1 , ..., f k }, L, α), α > k and (X, G = {g 1 , ..., g t }, L, β), β > t, we can build two canonical metrics, two canonical heights, and two canonical measures for L ∈ Pic(X) ⊗ R. We will see that if all the maps of one of the systems commute with all the maps of the other, then the canonical metrics, canonical heights, and canonical measures associated to each system are identical.
We consider a projective variety X over a number field K, and (X; f 1 , ..., f k ) a dynamical eigensystem of k morphisms F := {f 1 , ..., f k } over K associated with an ample line bundle L ∈ Pic(X) ⊗ R of degree α > k as in section 3 of [16] , so we have an isomorphim φ :
This situation will be called a polarized dynamical eigensystem (X, f 1 , ..., f k , L, α) on X defined over K. Assume that for every place v of K we have chosen a continuous and bounded metric ||. 
Proof. The proof is the same as is theorem 3.3.1 of [16] with v in place of ∞.
Definition 5.2:
The metric ||.|| v,F is called the canonical metric on L v relative to the system of maps F .
The following proposition relates the canonical metrics associating to commuting maps. It represents the main result of this section, and it is a natural and simple generalization of proposition 2.5 of [26] for the metric defined in [16, theorem 3.1.1]. Proposition 5.3: Let (X, F = {f 1 , ..., f k }, L, α) and (X, G = {g 1 , ..., g t }, L, β) be two polarized systems with α > k, β > t on X defined over K. Suppose that
Proof. The key idea is that the canonical metric does not depend on the metric from which we have started the iteration with. Let s ∈ Γ(X, L) be a non-zero section of L. We are going to consider two metrics ||.|| v,1 = ||.|| v,F and ||.|| Let X n-dimensional projective variety defined over a number field K and (X, F = {f 1 , ..., f k }, L, α) a polarized system with α > k defined over K. Let v be a place of K over infinity. We can consider morphisms f i ⊗ v : X v → X v over the complex variety X v .
Associated to F and v we also have the canonical metric ||.|| v,F and therefore the distributionĉ 1 (L, ||.|| v,F ) = 1 πi ∂∂ log ||s|| v,F , with s ∈ Γ(X, L) − {0}, analogous to the first Chern form of (L, ||.|| v,F ). It can be proved that this is a positive current in the sense of Lelong, as in section 3.2 of [16] , we can define the product
which represents a measure µ on X v .
Definition 5.4:
The measure dµ F =ĉ 1 (L, ||.|| v,F ) n /µ(X), is called the canonical measure associated to F and v. Once we fix L, it depends only on the metric ||.|| v,F . Now we assume that X is an arithmetic variety of absolute dimension n + 1, that is, given a number field K, X is flat and of finite type over Spec(O K ) of relative dimension n. We can define (see section 2 of [16] ) the arithmetic intersection number c 1 (L 1 )...ĉ 1 (L n+1 ) of the classes of the hermitian line bundles (L i , ||.||) on X, which means that each line bundle L i on X is equipped with a hermitian metric ||.|| v,i over X v = X⊗ K Spec(O K ), for each place v at infinity. Such line bundles are called adelic line metrized bundles when they can be equipped with semipositive metric for all places v. So we can define adelic intersection numbersĉ 1 (L 1|Y )...ĉ 1 (L n+1 |Y ) over a p-cycle Y ⊂ X. Suppose that we are in the presence of a polarized dynamical eigensystem (X, F , L, α). In this case the canonical metric ||.|| F represents a semipositive metric on L, and we can define the canonical height associated to (L, ||.|| F ).
Definition 5.5: The canonical heightĥ F (Y ) of a p-cycle Y in X is defined aŝ
It depends only on (L, ||.|| F ), where ||.|| F is actually representing a colection of canonical metrics over all places of K. An inportant particular case of canonical height will be the canonical heightĥ F (P ) of a point P of X. Since the canonical measure and the canonical height were defined depending only on the canonical metric of the system, the equality of canonical metrics and measure is a direct consequence of proposition 5.3, as we just state below.
Proposition 5.6: Let (X, F = {f 1 , ..., f k }, L, α) and (X, G = {g 1 , ..., g t }, L, β) be two polarized systems with α > k, β > l on X defined over K. Suppose that f i • g j = g j • f i for all i, j. Thenĥ F =ĥ G and dµ F = dµ G .
Proof. It is a consequence of the last two definitions that the statements depend only on the canonical metric presented in proposition 5.3.
